Class 22 © Randomized A\dofrﬂ)ms 1]
* 'BG“S ﬂnd Bms - C/»lemo“? Pound.s

* Dnivecsal Has\nmj
Jonathan Ullman
Novembec 25, 2025



L_Il__l\_)t_‘ol__-\\_—\l_.\\_\

mbale n bins

* Let L. b +he number of balls m bin t
* Expected maimuvn load = \E(m\x\- S E ‘P(max‘— >b)

=y P
want 4o bovad
Fhx prebal \'-‘l’j
[0 fFar:
@ Tt‘z\h’q,\ bound + E(qu L:-) e m
%@ Martov's MC?V") Y E (rax LD $ =

® CV\CW shev's mequa\’u-t-] R\~ (maf Lc‘) 4 O('—"'-l-\l;)

m{ec ana\js& urth Chernof Bb"@ I (mac: )= 0(”“’@9(;,3

N on
O\oo"‘*




Balls aad Bins: Maximum Loadl U RO 4
mbale n bins
* Let L. b +he number of balls m bin t
* Expected maimuvn load = \E(MxL \ E‘ \P(m.xL >L3

\ ® bdu-) 2 mbin i
" Let L") B O othecune = @ L';

et to bound  Pliax L, 2k ) ¢ n-tP@» )

Li s a son of m fr\o’efz»\.de»-('
5;md¢/ rondorm varta\d el



CTG,USSZQD AO’(‘(;\OU'\':on z

v 4 dewiotion s W(‘% )}/MA. 3‘—3 ‘ oon
\\\\ \\ Y?( 2‘71/441'(:)6'-) 4 ooocoor ?
me‘on/”“ ‘?C % >,/A.’t"ﬁ6"> de
Y. 2
<7= \IQFC%‘B C\'!c\%ﬁqeq “-')C & 7',/1,14- -6;0—‘) 4 /‘b

—

\§ %\J.-.J <, are wdeperdert capdom varalbles with
/‘*z\-E(%;')J gt=Ver(Z) then 2= Z,‘:_::(-E"‘ +hen

m

m-%00
Z —_— G‘dusnam vith mean S ard uony ence o’



Gl
B 2, 2 are mdcerdert rardom varables wth

2 _ +(%,- + 2
W2 P V(@) then 2= @) \é{mﬂm (2.- 1)

2. '—"> G'dVSS:o.n vith meQy) O arnd yenry ence [

NVlo 72
“¥ 2\ EO vp 2

. fa mﬂm

"Z +%1 "‘+%‘~(09




\ l—)t'ﬁq Ne
2;"‘7 Fre v 27 Z,"".-._'-?rh
O with prob \—-p

Z -2,., ino{epe/\alen‘{' /k"E(’ZB: Pm

1y°=°)

e N\ A&
Tﬁ: WC-Z > l+E_-)/U~3 ((\+s}“"'>

£< / \‘w

../._q}

_gﬁ' A

W 3‘*’“‘ &




Y 2'=§\u‘ﬂm‘° 2= Tt t 2a
Thm; ﬁp z >, \+ £ < ,e'_ > ' O usth proe |-p
_ C ( -)/“"-3 \ (1+<)'*E /A_=E(2§= pm

Z\)’-—) _21-\ i"O{?P?/\AU\'{'

Toof - ®Cz > tw) = P e,szb e,s{:/g)
L -s ‘
£ o ME(e™)

- - 2
= o stu E (Tl_ es >
-st _ .
e, s ﬁ.T I‘E(’e$?|3
[ —
FE(&SZ;>= ?e,s+ (-6 2, e‘s?h\% Eo.ﬂ;.; “
> \xple™0) B st Sove




=2 - \u\'ﬂqrm\.‘: 2z - Z,—t-___-f-Z,.,
i O wsth prob 1-p

N
Thm:  ®(2 3 (L) ¢ (af’T-£>

Z 2. ino‘epe/\del\'f #:E(Z‘):‘ Pm

3T

Proct Cont d. -




R R =R R =K RN i E e

mbale n bins

* Let L. b +he number of balls m bin t
* Expected maimuvn load = \E(max\- S E ‘P(max‘— >b)

L=\

S

- \ ¢ bd\‘:)ﬁmbin'\
') O otherune = L',“"‘ Li,\ +_ ..+ L;/m

[

* Let L;

A-P?‘j Chernoff Bound
L; ; E‘ v.p. 7/ )
§7 Lo e Ll E( 2

& M/n

Chesneff: P Li > (4€)2) & (C\ i)
REY F 2 ey |
¢ ~Eni m
Bllze)?)s2m. 2 e © ~— “3('“?«‘—:.)=0( A

C\.‘. t) <




R R =R R =K RN i E e

mbals n bies

* Let L be the number of balls w bin <
* Expected marimun load = \E(m_axl-;x = 5 PlmaxLi2b)

L=y ¢

\'i# bally 2m bin;
. - -) n \
Le‘t L"J O otherune = L"z L'.)‘ ..o L;/m

[

Aﬂ)lj Chernoff Bouad
L: - = g ‘ L.y |/Y)
967 10 o v Linlitilyn E(L)n 2

& M/Y\

Chesnolf: WC Li » C\+'c';)mn3 5&%\%
mhn =\ (:: gna\.\')

\'\’(L-.»\-re:) sQTe{;m 2 (—Q{Y N~ E(mﬂ*\»3= O(u; ?‘;D



G_;o_%l‘. Store a set of M elemerts S= WL,
such +het we can eF:c:eA—l-\\«j check if €S

N
L_) A 'o(rc‘l-ronarj algo |e+s Ul asjoclate a valuve

with each ]cfj X

* A hasw tabe  TLlin] ores +he slementsin n bms

* A hash function i U= 30,1,...,n-13 maps elements
fo  bins x> T[Wi]




L.near cha.‘miﬁ .

a 0mmon wnj ‘o
dea\ vtk solVTr0ns

3

- Load factor= %

- Yot L(x)= *of clements
in the same oin a5 %

#?.SGS'. WMy) =h (D3

% @ 8
g 92 &g
[T1 1]

o I 2 3 4 5§ 6 F 9

Locts a lot iYe balls in Lmsl,

l

“eo\lssions

Worst - cace |ool:o( 4ime = max L(x)
€U

- Time 4o \oo\:vf xElA T O[_Q(x“



= -
1
A =l
Fow should we choose E}\] @ %’} T 1
the hash fonetion \ \ \ \ |
h: U=>0,1,..,n-13 4o have o | 2 3 4 S 6 F B

small mayimum loeel 7 Locks a lot fite balls in bns |

Racdomized hath function :
- Mode\l W as a oo:Fotm\Cj rand 0w foar ton L= msn S
- Fix the set S and S‘toab E(m:;c 'Q/('ﬁﬁ)\



= -
1
A =l
Fow should we choose E}\] @ %’} T 1
the hash fonetion \ \ \ \ |
h: U=>0,1,..,n-13 4o have o | 2 3 4 S 6 F B

small mayimum loeel 7 Locks a lot fite balls in bns |

D

33

vm(—’om\j cardom ath fonetmns o ( load factor

- iv‘fec-ked mar load is 9(,\:,0 \;7 n)




A hash cami\j g & set of hasl functions
7'} = g h: U— O, \J.-.,n»\zi

Defrnctron &
00 /H 2 2-uvasveral iP @o/ every datmet x’je W

foom H vith
eq\ua\ qrv\pa\:k\'b




/H & 2-vaweral if B every datemct *z:je W
P (0= hly)) £ 5
w

Cons'('m ctna.

-Yix a prime P > \\b\’ bs n "
- Let ha,\o (X’)? Cax*\o m od. 93 mod, n ‘/Ha\\ \= n & "\f?

%Pm = {ha,\a v ak Z?O , o€ —ZP% H—‘h,‘\’: C?—D?

Theorem: 7—}9“ s a 2-unwexsa) hash ﬂqm‘\\j




/H & 2-vaweral if B every datemct *a:je W
P (0= hly)) £ 5
w

ha,b x0= (ax +b  modl 'p.) mod v

Lemma li Foc edetj Prime o

and a*O Ahee 7 a un:q\'&

Q:' Qi\)l,...) ?’\3 such Hhot aa=| mod P

?mox', @ az=cac mo& ? ho.,\ 0'"' molf one So\U'\"N/J

@ at= 0 modp ha no  solutions



/H & 2-vaweral if B every datemct "JJE W
P (0= hly)) £ 5
w

. h,, )= ax + mo modl v
Lemmq'z. \{3 X-_-fj nd ¥ then p 0= (axeb d p ) med

Ahe 535‘\20"
ax+o=  mod ¢
a.i* b=S mod ¢

hay a un.-c(ut SO\v-\'ror\
‘?coo\:'. = X"Cf-\ﬂ

)&"(r—b')d tb=¢
b= ¢ 7&“(!'@6



/H & 2-vaweral if B every datemct *a:je W
P (0= hly)) £ 5
w

Thm'. /H?,Y\ .S fl_ Dn‘\'Ufal ha,\,(x7= (ax+\> modl p.)noal.vl

Rv’ﬁ' ’&\3 \emma. 2

\
o.ﬁ: (a)("'\o‘-‘- ¢ mool P N a\j"'b’ s mod- P’3 -"P(?—\B

o

“hauly)) = —
ai'z(hq,\,(ﬂ o) e
L ple-D

“neple-)

- A
" wn



= -
1
A =l
Fow should we choose E}\] @ %’} T 1
the hash fonetion \ \ \ \ |
h: U=>0,1,..,n-13 4o have o | 2 3 4 S 6 F B

small mayimum loeel 7 Locks a lot fite balls in bns |

D

Un~essal

Jdﬁ‘v'F'Oh‘—\j——ﬁaﬁdO@—\fMj\n wac,-\'mn,s A (' \oad 1ﬁac+al
- i?‘fec-ked max load i @L%ﬁ- (—9(\[;;)

st e for

&____/ un~versal hash

Parostiey |

33




