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Tractable and Intractable Problems

• Definition: 𝒫 is the set of decision problems 
that can be solved in polynomial time

• Definition: ℰ𝒳𝒫 is the set of decision problems 
that can be solved in exponential time

• Theorem: 𝒫 ≠ ℰ𝒳𝒫



Allegedly Intractable Problems



The Class NP

• Definition: 𝒩𝒫 is the class of problems for which 
there is an efficient verifier for solutions

• An algorithm 𝑉 is an efficient verifier for problem 𝐴 if
• (1) 𝑉 takes as input 𝐼 and a solution 𝑆
• (2) 𝑉 is a polynomial-time algorithm
• (3) 𝐼 ∈ 𝐴 if and only if there exists a polynomial-size solution 
𝑆 such that 𝑉 𝐼, 𝑆 = YES

• 𝒫 = easy to solve, 𝒩𝒫 = easy to check solution

• Natural hard optimization problems are in 𝒩𝑃
• 3-SAT, Vertex-Cover, Independent-Set…



Does 𝒫 = 𝒩𝒫?

• We do not know, but we believe it very strongly!
• One of the Millenium Problems

• If we believe 𝒫 ≠ 𝒩𝒫 what does that tell us 
about problems we care about?

• Def: 𝐵 is 𝒩𝒫-hard if for 𝐴 ∈ 𝒩𝒫, 𝐴 ≤𝑃 𝐵
• Def: 𝐵 is 𝒩𝒫-complete if 𝐵 ∈ 𝒩𝒫 and 𝐵 is 𝒩𝒫-hard
• If 𝐵 is 𝒩𝒫-hard and 𝐵 ∈ 𝒫 then 𝒫 = 𝒩𝒫



What problems are 𝒩𝒫-complete?

• The Circuit Satisfiability Problem (CKT-SAT)
• Input: Circuit 𝐶 with 𝑛 wires and AND/OR/NOT gates
• Output: Decide if there exists 𝑥 such that 𝐶 𝑥 = 1

• Thm: CIRCUIT-SAT is 𝒩𝒫-complete



What problems are 𝒩𝒫-complete?

• Thm (Cook ‘71, Levin ‘73): CKT-SAT ≤𝑃  3-SAT



What problems are 𝒩𝒫-complete?

• Thm (Cook ‘71, Levin ‘73): CKT-SAT ≤𝑃  3-SAT
• Now we know IND-SET, CLIQUE, VERTEX-COVER, 

SET-COVER, IP, and 3-SAT are all 𝒩𝒫-complete
• There are thousands more known 𝒩𝒫-complete 

problems in essentially every area within CS
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