
CS7800: Advanced Algorithms Fall 2025
Homework 4: Due Friday October 31, 2025

Jonathan Ullman

Assigned Problems (Collected and Graded)

Problem 1 Recall the Bake-Sale Problem from HW2. You need to staff an event from time 0 until time 𝑇 . Each
of 𝑛 parents gave you a window of time [𝑠𝑖 , 𝑓𝑖) that they are available. (Note that we changed the
problem slightly so that the parents’ intervals do not include the time 𝑓𝑖 . Parents are busy and will skip
out a few seconds early if they can.) Your goal is to find the smallest set of parents 𝑆 ⊆ {1, . . . , 𝑛}
such that

⋃
𝑖∈𝑆 [𝑠𝑖 , 𝑓𝑖) ⊇ [0,𝑇 ]. You may assume that all values 𝑠1, 𝑓1, . . . , 𝑠𝑛, 𝑓𝑛 are distinct and that

using all 𝑛 parents would successfully staff the event. In this question we’ll take a fresh look at this
problem using linear programming.

1.1 Show that there exists some finite set of points𝑊 ⊆ [0,𝑇 ] such that any set of parents that can
staff the table at every time in𝑊 can also staff the table for all of [0,𝑇 ].

1.2 Formulate the Bake-Sale Problem as a linear program with decision variables 𝑥1, . . . , 𝑥𝑛 where 𝑥𝑖
indicates whether or not parent 𝑖 is used in the solution.

1.3 Write the dual of your LP.

1.4 Write an interpretation of the dual LP.

1.5 In HW2 we proved that there is a greedy algorithm that solves this problem optimally. Use this
fact to orove that both the LP and its dual have optimal solutions where every decision variable is
an integer.

Problem 2 In this problem we will see how some optimization problems that don’t look like linear programs
can be expressed as linear programs with a bit of effort.

2.1 Consider the optimization problem

min
𝑥∈R𝑛

|𝑥1 | + |𝑥2 | + · · · + |𝑥𝑛 |

s.t. 𝐴𝑥 ≤ 𝑏

𝑥 ≥ 0

Rewrite this optimization problem as a linear program. Be sure to specify the decision
variables, objective, and constraints for your new liner program.

2.2 Consider the optimization problem

min
𝑥∈R𝑛

max{𝑥1, 𝑥2, . . . , 𝑥𝑛}

s.t. 𝐴𝑥 ≤ 𝑏

𝑥 ≥ 0
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Rewrite this optimization problem as a linear program. Be sure to specify the decision
variables, objective, and constraints for your new liner program.

Problem 3 Suppose we are the brewery we’ve pondered in class, and we have the ability to obtain more
resources, and which will change the constraints of our optimization problem and hopefully allow
us to make more money. In this problem we will see how the dual of the linear program gives useful
information about the value of adding more resources, and the relative value between different
resources.
Consider a linear program of the form

max
𝑥∈R𝑛

𝑐⊤𝑥

s.t. 𝐴𝑥 ≤ 𝑏

𝑥 ≥ 0

and it’s dual

min
𝑦∈R𝑚

𝑏⊤𝑦

s.t. 𝐴⊤𝑦 ≥ 𝑐

𝑦 ≥ 0

Suppose that the primal and dual are both feasible and bounded, and let 𝑥★ be an optimal solution
for the primal and 𝑦★ be an optimal solution to the dual. Note that the optimal objective value is

𝑣★ = 𝑐⊤𝑥★ = 𝑏⊤𝑦★.

Now, suppose we change the right-hand side of the constraints in the primal LP to get a new LP

max
𝑥∈R𝑛

𝑐⊤𝑥

s.t. 𝐴𝑥 ≤ 𝑏 + Δ

𝑥 ≥ 0

for some vector Δ ∈ R𝑚 . Show that the optimal value of this new LP is at most 𝑣★ + Δ⊤𝑦★.
Thus, the optimal dual solution tells us that if we give the brewer Δ 𝑗 one some resource 𝑗 , the
amount they can increase their profit is at most by Δ 𝑗𝑦

★
𝑗 .

Problem 4 The atrium of your Tuscan villa is covered in a square grid of tiles, and the tiles make a mosaic
picture like the one shown below of a maple leaf. The floor is composed of white tiles that make the
background and colored tiles that make the foreground. You’ve recently come into some money and
you think it would be nicer if the foreground of the mosaic (i.e. the maple leaf) could be replaced
with gold tiles. However, each gold tile is a rectangle that is the same width and twice as long as
one of your floor tiles. So you will need to figure out if it’s possible to exactly cover the colored tiles
with 2 × 1 tiles, and how to do it. Each tile must be placed exactly in the location of two adjacent
tiles. For example if the tiles at the positions (4, 8) and (4, 9) are colored, you may replace both of
those tiles with one gold tile. For this problem, you may assume that the mosaic is represented by
an 𝑛 × 𝑛 array 𝐴 where 𝐴[𝑖, 𝑗] = 1 if the tile in position (𝑖, 𝑗) is colored or 𝐴[𝑖, 𝑗] = 0 if it is white.
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Using a reduction to bipartite matching, design an efficient algorithm that either finds a
way to cover the foreground of the picture or returns that it is not possible to do so. In
your solution be sure to specify:

• The input and output for the bipartite matching algorithm you are using.
• How you map the input to the tiling problem into an input to bipartite matching.
• How you map the output of the matching algorithm into an output for the tiling problem.
• A justification (either a formal proof or an informal but convincing argument) of why your
reduction is correct.

• An analysis of the running time of your entire algorithm, including the time needed to run
the bipartite matching algorithm.

Optional Problems (Not Collected and Not Graded)

In general, I think the online Jeff Erickson book has tons of good exercises on linear programming
(Chapter H) and applications of network flow algorithms (Chapter 11)

4.1 Erickson book Chapter 11 Problem 4. I wanted to keep the assigned problems to a reasonable level,
but I highly recommend this one as an example of a reduction that naturally uses minimum cut as
opposed to maximum flow, which is something you want to be able to do for exams.

4.2 Erickson book Chapter H, Problems 4, 9, 10.
4.3 Erickson book Chapter 11, Problems 12, 13, 16.
4.4 For a challenge, try Erickson book Chapter 11, Problem 11.
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https://jeffe.cs.illinois.edu/teaching/algorithms/

