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Polynomial-time Reductions

So Far : Designed
"

efficient , algorithms for several problems .

↳
run in polynomial time
with respect to their input size

some solutions were using known algorithms
as a " black- boxn

.

Toay : Reductions

• Way to solve a problem given algorithm for another problem
• Help us compare the relative difficulty between problems



Polynomial-time Reductions
we design these
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InputI Transform, Input Algorithm Output Transform 0' Output 0 for y
for Y

, input
I into tʰ A✗for AN→ to output for 2

input for ✗ I
' A-✗CID-0

'

y

Algorithm Ay for Y using Ax as a
"black box,

More generally :

Def
. Y is polynomial-time reducible to ✗ if Y can be solved using
apolynomial number of standard computational steps ,plus oe

polynomial number of calls to a "black box
,,
that solves problem ✗ .

ive write : Y ≤px .

Suppose Y≤p✗ .

If Ian be solved in polynomial time, then be solved

TF
in polynomial time . ( ✗EP ⇒ YEP)
I
•••••• Suppose Y≤pX . If Y_Cannot_ be solved in polynomial time, then✗can
^

be solved in polynomial time . [ YEP → ✗¢P)



&VERTEX COVER -INDEPENDENT SET (p is <pandcipl
a

>

=>put:Graph GCV,E), integerk =>put:Graph G(Vie, integer

Output:YES iff G contains Output:YES iff G contains
Vertex cover SIN of independent set SIV of
Size 1K. size -K.

----No edges between

"All
edges

nodes in S.

have

oit least one eng

in S.

⑦

① Vertex cover ofsize - 3? 2, 7,3

⑤ independent set ofsize -4?

O I 1,5, 4,5

&tol
Decision version of problem.



VERTEX COVEREF INDEPENDENT SET

:S is an independent set iff VIS is a vertex cover.

=

VERTEX COVGApJNDEPENDENT see

& (v,t) -ransform, - "Does Ghave R'=HES/NO -ransform R

- input - an 1.S. of
- output ⑧

17 I

a

re in
size 3K?

"
I

Algorithm for VERTEX COVER "
R =R'=TES/NO

&(vit =G0 (v,C)
K=n-K

Polyconcial time
-

correctness:

If VC of size -K, then JIS of size 3K

If J 1S07 sizeK), then VCO7 size (K.



VERTEX COVEREF INDEPENDENT SET

:S is an independent set iff VIS is a vertex cover.

=

VERTEX COVGApJNDEPENDENT see

& (v,t) -ransform, &(,E) Does G have
R=HES/NO Transform

R=R'=TESING
-

↳
↑nput - an 1.5.of- output ⑧

17 n-K size >2-K?

Algorithm for VERTEX COVER

-> Similarly. INDEPENDENT SET IPVERTEX COVER Ax

Anotherequivalence with similar strategy:
CLIQUE EpJNDCPANDANT SET

·" S is an independent set in G iff S is a dique in its complement E



VERTEX COVER Ep SET COVER

>

>:Elements,M1=n. Collection of sets So....,Sm=U. Integer K.
#ut: YES iff 5 collection of at most K of these sets whose union equals U.

5, S2 Su

·"FIEIIIT****
-ransform, ↓oesuave R'=HES/NO -ransform& (v,t) a set cover R

-

↳
↑nput --among Js, ...,Sm
- output ⑧

17 ofsize EK?

I

"

Algorithm for UIRTEX CONTR ":

I &=R=HESING
v=[

S1, ..., Sm:Si=[exE
:

+=3,330e= 1g, i3]
K=K

Polymorial time
-

correctness -



VRTX COVER PO-1 INTEGER LINAAR PROGRAMMING
muxn

inpet: ACR, bERY, CARRY, VER.

&pot: YES iff 5 x120, 17" st.CTX=V and
AX,b.

Does there xs, ...,Xu St.

(v,E) 2 Xi EK.
<V

-- > - ->

K xitxj >6 Xe = 3j3EE,

Xi <30,13 if ?



1 SET COVER

VERTEX COVER **
INTEGER LINEARPROGRAMMING

# Ep

INDEPENDENT SEE

*Ep

CQUE

Prol>"

Reductions are transitive:If YEpX and XpZ, then YEp1.



3-SAT < INDEPENDENT SET
->

↓°S

put: Set X ofa Boolean variables xs...,X. Couses 6....C,each of length 3.
put:YtSiff - Truth assignment vixes0,13 such that all causes evaluate to 3.

e.g.4: (FVX2V73) n CXVFzVX3) n(x,VX2VX3]
-n me

2 2,

Given formula powers withouses (s....CK, transform into input to Ind.Set G(V,E),K.

v
Uzz(Xz) v32/X2) polynomial timevivion

~correctness

4 is satisfiable

⑧ a ⑭ o
=>7 independent

Vil (F.) vis)Fs) VSXi Ves/x3)Vsxis vCxs set ofsize -, K.

I ---
· Each couse Ci is a triangle:"Cause gadgetn
· Add extra edges to indicate conflicts between X, and Fj.



≤P 7 SET COVER

VERTEX COVER ≤P
> INTEGER LINEARPROGRAMMING

I _=p

-
INDEPENDENT SET

IEP

≤p
CLIQUE

3-SAT



The Cass NP

Non-deterministic polynomial time

Det. NP is the class of problems for which I an efficient certifier.

Off. Agorithm B is an efficient certifier for problem X if:
1. It is a polynomial time algorithm that takes inputs and
certificate to

2.3 polynomial p so that sex utsinstance)iff it with

length 17-p(ISD) for which BCs,t) =7ES.

Hard to think of problems not in NP.

· NP53-SAT, Vertex cover, Jedependent Set ....
·

psyto check solution easy to find solution

But we don't know.P



The Cass NP
Np-hard
↓
↳
~

Det. Y is NP-hard iff XeNP XEpY Np"I
↑ NP-complete

-> If Y is NP-hard and Y then PFNP.

H Y is NP-complete iff Yis NP-hard a YENP.

-Hene (Cook71,Levin 73): DRCUITSAT is NP-complete.
Also, CIRCUIT-SAT =p3-SAT.

Since 3-SAT ENP, 3-SAT is NP-complete



≤P 7 SET COVER

VERTEX COVER ≤
Ps INTEGER LINEARPROGRAMMING

I =p

~
INDEPENDENT SET

I=p

≤p
CLIQUE

Any
problem

>3-SAT
YENP

All these are in NP ⇒ All care NP-complete .



strategy to prove that X is NP-complete

=nput5 -ransform, Input Algorithm output -ransform O' Output 0 for yfor X 1

for -
↳
↑nput ⑤ into - Ax for ⑭ -- to output for ⑧

---

input for X > Ax(5)=0' Y

C) Prove XENP.
~packings,"coveringne2) Find problem- that is known to be NP-complete, i

A
sequencing, "partitioning..and prove 7pX: Consider

arbitrary input 5 to
"Humerical...

problem 1.

construct a potty-time transformation of input 5 toI a (special instance 5of X and prove correctness:· If 5 is a XES instance for Y = 5' is a YES instanceforX-
~ IF is a YES instance for X-5 isa YES instanceforY

& Karp reduction.More general reductions are cook reductions.


