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Our Favorite Linear Program

How can our brewery
maximize profits ?

• 34 ale
,
0 beer ⇒ $442

° Oale
,
32 beer ⇒ $736

• 7.Sale
,
29.5 beer ⇒ $776

• 12 ale
,
28 beer ⇒ $800

Max 13A -1231.3

A >
B

ga + 1513<-480

4A + 4B ≤ 160

35A -1 ZOB ≤ 1190

A ,B ≥ 0



Linear Programming

Optimize a linear objective subject

to linear inequalities

objectivedecision cons
#"

"^
"

(annexes are • 1.)
" "
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variables A- c- IRM
" "

be IRM

n

CTX(
max E Cixi Max

* eai,

✗⇔ .
*c- IRN

i= ,

"
s .-1 . Ax ≤ b

F- I ✗ 20

✗ i≥0 / ≤ i≤ n



Standard Form LPs

Equality to Inequality
^

a'✗ =b ⇒
aT×≤b

may I Cixi ai ≥b

*c-Rn
i= ,

Inequalities to Equalities

g.+ . ÉaijXi=bj I ≤ j≤ m aT✗≤ b ⇒ a-'✗ + s=b s≥0

F- I

× ;≥0 / ≤ i≤ n Min to Max

min CTX ⇒ Max
- CTX

Unconstrained to Non -negative

✗ i ⇒ ×? >
✗ix. 0

✗ i
= ×! - ✗i



Our Favorite Linear Program (in standard form)

How can our brewery
maximize profits ?

decide
how

much

Max
13A +23,3 y

is
left

°"
"

s.-1 . 5A + 1513 + Se = 480

4A + 4 B + SH = 160

35A -1 ZOB + Sm -_ 1190

A
,
B
,
Sc
, Sa > 5m70



Some Examples of Linear Programs

Maximum Flow

G=(YE, { Cle)} , s , -1)

flow { fce)}

decision ma×¥µg$
objective

✓as !
I f-(e) -I f(e) = O tf v EES , -13 ( conservation)

eovtofv

contra
"
" {

ˢ#
einer

f- (e) ≤ de) ( capacity)

f- (e) 40 (non -neg)



Some Examples of Linear Programs

Minimum Cost Flow

G-_ (V,E, { Cle)} , s , -1) a
flow d≥ 0

,
edge costs {☆ (e)}

flow { fce)}

min { $(e) ◦ f- (e)

I fle) ≥d
eootofs

I f-(e) -I f(e) = O tf v EES , -13 ( conservation)
St .

veined eatofv

f- (e) ≤ de) ( capacity)

f- (e) 40 (non -neg)



Some Examples of Linear Programs

Bipartite Matching
O O

Ee ✗ (e) -0max 85¥{✗ (e)3

S -t.tv I ✗ (e) ≤ I

e incident
on V

Dealing w/ non
- integrality :

✗ (e) C- {0,13 ⇒①✗ (e) ≤ I - Prove opt station

↑ is integral
not a linear

program - Round to an integral sd



Geometry of Linear Programs

Algebra Geometry
Beer a

35A -12013<-1190

Max 13A -12313 10,32)••
••

Sf. 5A -115 B ≤ 480 112,287 5A -11513<-480

4A + 4 B ≤ 160
•

35A + ZOB ≤ 1190 126,14)

4A+4B≤ 160
A
,
B 70

a

•10,009 (0,34)
>( Ale

Feasible region



Geometry of Linear Programs

Algebra Geometry

^ ^

13A -12313=1000

Max 13A -12313 10,32)
#•••

g.+ . 5A + 15 B ≤ 480
112,2

13A -12313=800
4A + 4 B ≤ 160

35A + ZOB ≤ 1190 126>'

µA
,
B 70

13A -12313=500

↑10,009 • >
(0,34)

1

Level
sets

of objective



Geometry of Linear Programs

Convexity

A set P is convene if
^ vertices

to;I•••£2×+11 - a) y
EP

112,28&-

Ifor every ×,ytP and 0<-22-1

✗

*
"
"

"
-

,

""""

•

A vertex is a point ✓ y

10,009 • >
that is not a convex 10,34)

combination of two vertices are feasible points where

distinct ✗YEP ≥ n non -dependent constraints intent

F- of decision



Geometry of Linear Programs

2 tight
constants

theorem: If the LP has ^ vertices

an optimal solution , then it 10,32)•••••↓sÉ
has an optimal solution at 112,287*541 tight constrainta vertex n ×¥i5

"

126
* •

We can restrict our algorithm *, ↑
0 tight constants

••to search for Vert.US 10,07 (0%34) >



Geometry Of Linear Programs max 13A -12313

St . 5A -115 B ≤ 480 C

4A + 4 B ≤ 160 H

35A + ZOB ≤ 1190
M

A
,
B 70

Vertices are where n ^

non -degenerate constraints { B.Sais?
""

←É;•!are tight
( equivalently , m - n constraints

g. µ, ,,>
•
{A." "3

are not tight )

••
{A>
Sc
,

Sa}

•• >
(010) {sc.SH.sn} beer (0, 34)

Gives a set of candidate solutions and an optimality criterion :



Basic Feasible Solutions
, Algebraically

^

slack form LP geometry
(0,32)qiB-g@GA.B> SH}

Max
13A -12313

s.-1 . 5A + 1513 + Se = 480 112,28

4A + 4 B + SH = 160 ,z↳µj••{^→ˢ÷
35A -1 ZOB + Sm --1190 ^

A
,
B
,
Sc
, Sa , Sm 70

•
{Assess

"}

••
µ, ,, gg, , , , .gg µ, ,
/

,,, gy,
,

I
basic feasible

(A) (B) ( Sc) (Sa) (Sm)
µ, , ,

I 0 0 more variables

1
5 15

than constraints

4 4 0 I 0 (A) (B) (Sc) (SH) ( Sm)

20 0 0 I ] ? ? ? 0 0
35

Asb
constraint matrix A

← Amended to
columns "

>



The Simplex Algorithm

AlgorithmGiven an LP

Max CTX Find an initial BFS 5

✗ER
"

( specified by m- n#ight constraints)
Ax - b

✗ >. 0 Until optimality :
Cern find an adjacent BFS s

'

AE 112min

be IRM
> [with higher objective

•

THI If you terminate , you aren •
at a global optimum

• lby convexity
•

•



The Simplex Algorithm

AlgorithmGiven an LP

Max CTX Find an initial BFS 5

✗ c- 'R
"

( specified by m- n tight constraints)
Ax -- b

✗ >. 0 Until optimality :
Cern find an adjacent BFS s

'

AE 112min

be IRM [with higher objective



The Simplex Algorithm in Practice

Issues : ① Choose a good pitting
me

② Avoid cycling (
for degenerate LPs)

③ Maintain sparsity
④ Numerical stability
③
Preprocessing to reduce the

size of the LP

Theory : Simplex might need exponentially many pints

Practice : Can solve LPs with millions of variables / constraints

( typically ≤ 2 (ntm) pivots)


