
CS7180/7880 Lecture 2 : Calibration Measures

Batch : D Feature domain X
② Ground-truth distribution D on data points (X ,y) EX X &0

, 13
③ Predictor f : X- [0 ,

1].

Def . 1
. (Perfect calibration)

.
We say f is perfectly calibrated if

for every value petoilin the range of f,

-

Sequential . ForYINP
① Nature reveals X+ EX

& Forecaster predicts Pt ETo ,]
③ Nature reveals true outcome Yt & 90 , 13 .



Def 2 . (Perfect Cal · for sequential predictions) . We say P.. -- ,p
are calibrated

on y ... - y+ if for every peto , 1].

-libration anIPPIPESatis
Batch : f(x) = Ely]

·

Sequential : [FV98] Can achieve calibration error ECE

O(T
- 1) -> 0 as T++

without observing Xt.Thly by randomized
algo



Calibration Measures.

In reality , perfect calibration is rare.

Goal : assess level of miscalibration.

Def(ECE) .

Given predictor f , distribution D.

Define JJp:p[y/f(x = p] for every peto , 1] .

CE(f, D) : = Ep= f(x)
, for Mys~D[/5p - P1] ·

Example : D is uniform on E(Xo , 0)
,
(X1

,
133

fo (to) = 2 , fa(xi) = 1-2
,

for LETo
, 1]

&
, if d Eto . 1) VIE

, 1]ECElfs , D) = So
, if c=E



p = d or 1-

Case 1 : 2 1-d. c = 0 Jr =

E[15p-p1j = 5 152-21 + Elgic-cas
= 2

.

Case 2 :

↳ 52 =Tr = E
.

ECEX #T15p-p1] = It - El = 0

#



* ECE in general cannot be estimated on a finate data set.

Reason : Need to see 22 examples X . X'with same pred.

f(x) = f(x) = P .

&

Einned ECEPrTcollisonis into l bins Bi
.

--

- By

Def 4 (Binned ECE). For i = 1 .
-
.

.

, ,

Ji = Ely/flEBi] , Fi = Elf(x(fNeBi]
.

Binned ECE(f , D) = EprEfNEBiSt5i - pil
.i= 1



Distance to Calibration.

D Completeness : Iff is perfectly calibrated on D

then CAL (f . D) = 0

& Soundness : If f is mis-calibrated on D

then CAL(f. D) > O·

③ Robustness : Completeness and soundness should be preserved
under small perturbations to predictions.



calibrated -o
set of All predictoras

predictors

Distance to Calibration.

DTC(f , D) = inf [ IfCH-f((x1]
f

where inf is over all calibrated predictors f on D.

=Example .

Scame as before . D is uniform on E(X0
. 0

, (X , 113 .
fo(tol = 2 , fall) = 1-2.



DTc(fr
,
d) = S.

There are only I calibrated predictors

fitxol = 0
. f , (i) = 1 .

fe(xo) = fz (x) = E.

When 2 = t
· f , is closer

. DTC = #IfIfi)
= 2When =

, fr is closer
. DTC = #Ifa-fell

DTC X

~ = la - El



Def (Consistency) We
say CAL is consistent if

there are constants C
, G ,

C ., %. 30 , S. t.

-DTDCDDc
& Consistent
& "Easy" to compute/estimate weight func.

Def (Smooth Calibration Error)
. Define Was the set of #

1- Lipschitz func . W : [0 , 1]-> E-1
. 1].

1 w(r , 3 - wIVz) - /V ,
-

Ve) , thin



SucElf , D) =Sup[f(x-y)-wIf]
ETo, i

pative bis

If(-y) = Sup (f(x)-y).
abso of bas JES-

, 13

"weig hts
For Binned ECE : weight fine : "auditor"

X

E
"distinguisher"
"test"



For SuCE
97

N
->

PTSUED
D Completeness
& Soundness

③ Consistency
① Continuity
⑮ Testability (Can estimate using a small data set)



⑯ Efficiency /Efficient to compute
D Actionability) Next Lecture)
& Truthfulness (Incentivize true/honest predictions)


