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1 Decision Tasks and Best Response

Definition 1.1 (Decision Task). Let Y be the set of possible outcomes. A decision task G = (A,U)
consists of an action set A and a utility function U : A XY — R.

In this lecture, we will focus on binary outcomes Y = {0, 1}.

If we know the true outcome y € {0,1}, it is not hard to pick the best action a € A that
maximizes the utility u(a,y). If we don’t know y directly but instead have an accurate prediction
p € [0,1] about its expectation E[y], we can pick the best action a € A in response to the prediction
p to maximize the expected utility:

Definition 1.2 (Best Response). Given a decision task G = (A,U), we define the best-response
function BRg : [0,1] — A as

BRg(p) := arg njaxEyNBer(p) [U(a,y)] for every p € [0,1].
ac

2 Proper Scoring Rules and the Revelation Principle

Given a prediction p € [0, 1] for an outcome y € {0, 1}, a scoring rule s : [0,1] x{0,1} — R evaluates
the quality s(p,y) of the prediction p on the outcome y.

2.1 Scoring Rule Induced by Decision Task

According to Deﬁnition BRg(p) is the best action to take if our goal is to maximize our expected
utility assuming that Ely] = p. If this assumption does not hold and p is not a good predictor for
E[y], then BRg(p) may not maximize the expected utility. We can thus evaluate the quality of p
using the true utility of BRg(y).

Definition 2.1 (Scoring Rule Induced by Decision Task). Let G = (A,U) be a decision task, and
let BRg : [0,1] — A be its corresponding best-response function. We define an induced scoring rule
¢:10,1] x{0,1} = R by

sq(p,y) = U(BRg(p),y) for every p € [0,1], and y € {0,1}.

The design of scoring rules is a fundamental topic in economics theory. There may be many
reasons to prefer some scoring rules over others. A specific family of scoring rules that people often
like is the family of proper scoring rules. Proper scoring rules incentivize predictors to predict the
true expectation E[y]. In economics terms, proper scoring rules elicit the true expectation E[y].



Definition 2.2 (Proper Scoring Rule). We say a scoring rule s : [0,1] x {0,1} — R is proper if
for every p,p’ € 0,1],

IEwaer(p) [S(p, y)] 2 IEwaer(p) [S(pla y)]
Example 2.1. Let r € [0,1].Let G = (A, U) be the decision task where A = {0,1} and

1, if a=y;
U(a,y) =, ifa=0andy=1;
1—7 dfa=1andy=0.

The induced scoring rule is

1, ifp<randy=0;

(5 ) 1, ifp>randy=1;
SG\P, = .

by T, ifp<randy=1;

1—r, ifp>r andy=0.

Theorem 2.1 (Revelation Principle). A scoring rule s : [0,1] x {0,1} — R is proper if and only if
there exists a decision task G such that s = s¢.

In particular, the scoring rule in Example is proper. Here are some other examples of proper
scoring rules:

s(p,y) = —(p —y)*, (Negation of Brier loss)
s(p,y) =ylogp+ (1 —y)log(1l — p). (Negation of cross-entropy loss)

It is a good exercise to verify that these are indeed proper scoring rules.

3 [External Regret and Swap Regret

3.1 Regret of Actions
Fix a decision task G = (A4,U).

1. Sequence of actions ay,...,ar € A;
2. Sequence of outcomes y1,...,yr € Y.
The external and swap regret of a1,...,ar on yi,...,yr are defined as follows.

Definition 3.1 (External Regret).

H\H
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The external regret can be positive, zero, or negative.

Definition 3.2 (Swap Regret).
T

1
SRG(CLI,---7GT§91;---ayT = maX 7ZU TZU(at7yt)'
t=1

The swap regret is always nonnegative. Also, the swap regret is always at least the external
regret.



3.2 Regret of Predictions

Fix a scoring rule s.
1. Sequence of predictions p1,...,pr € [0, 1];
2. Sequence of outcomes y1,...,yr € Y.
The external and swap regret of p1,...,ppr on y1,...,yr are defined as follows.

Definition 3.3 (External Regret).

T T
1
Regrets(pla"'apT;yla--'ayT Z p7yt Zspbyt
t=1 t:l

The external regret can be positive, zero, or negative.

Definition 3.4 (Swap Regret).
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The swap regret is always nonnegative. Also, the swap regret is always at least the external
regret.

3.3 Calibration Implies No Swap Regret

Theorem 3.1. Let py,...,pr € [0,1] be a sequence of predictions and let yi,...,yr € {0,1} the
corresponding outcomes. The following three statements are equivalent:

1. p1,...,pr is calibrated on y1,...,yr, i.c.,
T T
> ullpe=pl=p) Ipi=p] foreverype[0,1];
t=1 t=1

2. for every proper scoring rule s,
SRS(p17 e PT YL, - - 7yT) - 07
3. for every decision task G, letting a; := BRg(pt) fort=1,...,T,

SRg(a1, ... ariy1,--.,yr) = 0.



4 Calibration Decision Loss

Theorem suggests that we can measure the calibration error of predictions using the swap
regret on proper scoring rules or downstream decision tasks. This is exactly the idea of Calibration
Decision Loss.

Definition 4.1 (Calibration Decision Loss [HW24]). Let pi,...,pr € [0,1] be a sequence of pre-
dictions and let y1,...,yr € {0,1} be the corresponding outcomes. Let S be the family of proper
scoring rules s : [0,1] x {0,1} — [0,1] with a bounded co-domain [0,1]. Define the Calibration
Decision Loss (CDL) of p1,...,p1 on y1,...,yr as

CDL(pla e PTIYLy - yT) = SugSRS(pb e PTI YL, - 7yT)-
sE
The above definition defines CDL as the maximum swap regret on bounded proper scoring rules.
Similarly to the equivalence between Item [2] and Item [3]in Theorem we can equivalently define
CDL as the maximum swap regret on downstream decision tasks with bounded utility functions:

Lemma 4.1. Let p1,...,pr € [0,1] be a sequence of predictions and let yi,...,yr € {0,1} be the
corresponding outcomes. Let G be the family of decision tasks G = (A,U) with arbitrary action set
A and arbitrary utility function U : A x {0,1} — [0, 1] with a bounded co-domain [0,1]. Then

CDL(p1, . -s015Y1s- - yT) = ZuESRG(BRg(pl), ...,BRa(pr);y1, ..., y7).
€
This lemma shows that CDL provides an upper bound on the swap regret of downstream decision

tasks with bounded utility functions, assuming that the decision maker applies the best-response
function to the predictions. This property is called actionability [RSB™25, [BHNU26].
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