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1 The Challenge: Measuring Calibration Error Meaningfully

Basic setup:

• Feature domain X ;

• Ground-truth distribution D on data points (x, y) ∈ X × {0, 1};

• Predictor f : X → [0, 1].

Definition 1.1 (Perfect calibration). We say predictor f is (perfectly) calibrated on D if for every
p ∈ [0, 1] in the range of f with PrD[f(x) = p] > 0,

ED[y|f(x) = p] = p.

In practice, a predictor is rarely perfectly calibrated. Can we quantify its level of miscalibration in
a meaningful way? This is the question of designing calibration measures.

Formally, a calibration measure assigns a value from [0, 1] to every predictor-distribution pair
(f,D) to indicate the level of miscalibration of f on D. We discuss some important calibration
measures in the following sections.

2 ECE

In the previous lecture, we have seen a basic calibration measure: ECE.

Definition 2.1. Given predictor f and distribution D, define ȳp := ED[y|f(x) = p] for every
p ∈ [0, 1]. We define the ECE of f on D as

ECE(f,D) = E[|p− ȳp|],

where the expectation is over p = f(x) for (x, y) ∼ D.

Example 2.1. Let D be the uniform distribution on {(x0, 0), (x1, 1)}. Let fα be the predictor such
that f(x0) = α, f(x1) = 1 − α. Then

ECE(f,D) =

{︄
α, if α ∈ [0, 1/2) ∪ (1/2, 1];

0, if α = 1/2.
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The example above shows that ECE is not a continuous function of the predictor f . Also,
it is not always possible to estimate ECE up to a small error, say 1/4, given a finite set of data
points. That is, ECE is not testable (see Section 6). In general, given a finite dataset of arbitrary
size, it is not always possible to distinguish ECE(f,D) = 0 from ECE(f,D) > 1/4 with success
probability above 50%. The reason, roughly speaking, is that the conditional expectation ȳp cannot
be estimated within small error unless at least two data points x, x′ receive the same prediction
f(x) = f(x′) = p. The probability of seeing such a collision in a finite data set can be zero.

3 Binned ECE

Definition 3.1. Let B1, . . . , Bk partition [0, 1] into k bins. Given predictor f and distribution D,
define ȳi := ED[y|f(x) ∈ Bi] and p̄i := ED[f(x)|f(x) ∈ Bi]. We define the binned ECE of f on D
as

bECE(f,D) :=
k∑︂

i=1

PrD[f(x) ∈ Bi] · |ȳi − p̄i|.

Binned ECE is still not continuous, but it can be estimated within error O(
√︁
k/n) with success

probability at least 99% using n data points.

Figure 1: Reliability diagrams for ResNet-110 on CIFAR-100 before and after temperature scaling.
Source: [GPSW17].
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Figure 2: Calibration curves for the pre-trained and PPO models. Source: [Ope23].

Binned ECE is not robust to the choice of the number of bins k. Figure 3 illustrates this issue for
models after temperature scaling. With 15 or 100 bins, models with higher classification error tend
to have lower binned ECE. With 5000 bins, the trend reverses: models with higher classification
error tend to have higher binned ECE. Thus, changing only the number of bins can reverse which
predictor appears better calibrated, even though the predictions and outcomes are unchanged.

Figure 3: Binned ECE versus classification error after temperature scaling, using 15, 100, and 5000
bins. The direction of the relationship depends on the bin count. Source: [MDR+21].

4 Distance to Calibration

Calibration measures we’ve seen are discontinuous. We now introduce a continuous calibration
measure: the distance to calibration (DTC).
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Definition 4.1 (Distance to calibration (DTC) [BGHN23]). Let f be a predictor and D be a
distribution. We define the DTC of f on D as

inf
f ′

ED[|f(x) − f ′(x)|],

where the infimum is over all calibrated predictors f ′ on D.

Example 4.1. Let D be the uniform distribution on {(x0, 0), (x1, 1)}. Let fα be the predictor such
that f(x0) = α, f(x1) = 1 − α. Then

DTC(f,D) =

{︄
α, if α ∈ [0, 1/4];

|α− 1/2|, if α ∈ [1/4, 1].

DTC is continuous, but it is challenging to compute due to the infimum in the definition.

5 Smooth Calibration Error

We now introduce a calibration measure that is continuous and easy to compute:

Definition 5.1 ([KF08, FH18]). Let f be a predictor and D be a distribution. Let W be the family
of 1-Lipschitz functions w : [0, 1] → [−1, 1] (these functions are called weight functions). We define
the smooth calibration error of f on D as

smCE(f,D) := sup
w∈W

E[(f(x) − y)w(f(x))].

Theorem 5.1 ([BGHN23]). For every (f,D) pair,

1

32
DTC(f,D)2 ≤ smCE(f,D) ≤ 2DTC(f,D).

Fast algorithms exist for computing the smooth calibration error (see e.g. [HJTY24]).

6 Desired Properties of Calibration Measures

The following is a collection of desired properties that we would like a calibration measure CAL to
satisfy. It is an active research question to satisfy as many of these properties as possible. Many of
my recent papers aim to address this question.

Completeness. If f is calibrated on D, then CAL(f,D) = 0.

Soundness. If f is mis-calibrated on D, then CAL(f,D) > 0.

Consistency. There exist constants c1, c2, α1, α2 > 0 such that for every pair of (f,D),

c1DTC(f,D)α1 ≤ CAL(f,D) ≤ c2DTC(f,D)α2 .

Consistency implies completeness and soundness for CAL, because DTC is complete and sound.
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Continuity. CAL(f,D) is a continuous function of the predictor f . In other words, small changes
in the predictions only cause a small change in the calibration error.

Testability. CAL(f,D) can be estimated on a small set of data points drawn from D.

Efficiency. CAL(f,D) can be estimated using an efficient algorithm.

Actionability. CAL(f,D) is a valid upper bound on the swap regret of downstream decision
makers. We will define this property more formally in the next lecture.

Truthfulness. The expected value of CAL(f,D) on a finite data set is minimized when f(x) =
ED[y|x].
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